Abstract. We investigate the relationship between endomorphisms of the Cuntz algebra O2 and endomorphisms of the Thompson groups F , T and V represented inside the unitary group of O2. For an endomorphism λu of O2, we show that λu(V ) ⊆ V if and only if u ∈ V . If λu is an automorphism of O2 then u ∈ V is equivalent to λu(F ) ⊆ V . Our investigations are facilitated by introduction of the concept of modestly scaling endomorphism of On, whose properties and examples are investigated.
Introduction
The Thompson groups F , T and V (see [12] , [4] ) are among the most mysterious and most intensly studied discrete groups. We want to exploit the natural representation of these groups inside the unitary group of the Cuntz algebra O 2 (see [3] , [13] ) and initiate a line of investigations aimed at better understanding of their internal symmetries provided by endomorphisms and automorphisms. It should be noted that this relation between the Thompson groups and the Cuntz algebras has been exploited recently by Uffe Haagerup and his collaborators in their work on amenability and other analytic properties of the Thompson groups, see [9] and [HO] .
The central question we ask in this paper is the following.
Question. Which unital * -endomorphisms of O 2 preserve the Thompson groups globally?
Recall from [8] that every such endomorphism of O 2 is of the form λ u for some unitary u ∈ U (O 2 ). Our main result, Theorem 3.21, says that λ u (V ) ⊆ V if and only if u ∈ V . Under the weaker assumptions that λ u (F ) ⊆ V or λ u (T ) ⊆ V , we are not able to conclude that u ∈ V without additional conditions, explained in Propositions 3.19 and 3.20. However, as shown in Theorem 3.12, if λ u (F ) ⊆ V and λ u is an automorphism of O 2 then the unitary u must belong to group V .
Note also that it is quite possible that endomorphism (or automorphism) λ u of O 2 globally preserves the Thompson group F , while the unitary u does not belong to F -the flipflop automorphism of O 2 is one such example. The non-trivial combinatorial question of determining those unitaries u ∈ V for which λ u (F ) ⊆ F is taken up in [1] .
In the course of these investigations, we have discovered a useful technical condition on endomorphisms of O n , which we call modest scaling (Definition 3.1). This condition is automatically satisfied by all automorphisms of O n as well as by those unital endomorphisms preserving the core UHF-subalgebra F n of O n (Proposition 3.3). Modest scaling is a noncommutative analogue of the topological property of a continuous surjection of a compact space that the preimage of every point has empty interior (Remark 3.2).
Preliminaries
2.1. The Thompson groups. The Thompson group F is the group of order preserving piecewise linear homeomorphisms of the closed interval [0, 1] onto itself that are differentiable except finitely many dyadic rationals and such that all slopes are integer powers of 2. This group has a presentation
Remarkably, it admits a finite presentation as well
These two are connected by setting x 0 = A and x n = A −(n−1) BA n−1 for n ≥ 1. We will also consider the Thompson groups T and V . The latter consists of possibly discontinuous bijections of the interval [0, 1] that are piecewise linear with slopes integer powers of 2 and with finitely points of discontinuity and non-differentiability that are all diadic rationals. We have F ⊆ T ⊆ V .
For a good introduction to the Thompson groups we refer the reader to [4] and [2] and the references therein.
2.2. The Cuntz algebra O n . If n is an integer greater than 1, then the Cuntz algebra O n is a C * -algebra generated by n isometries S 1 , . . . , S n satisfying
It is simple, purely infinite, so that its isomorphism type does not depend on the choice of isometries, [7] . We denote by W k n the set of k-tuples µ = µ 1 . . . µ k with µ m ∈ {1, . . . , n}, and by W n the union ∪ ∞ k=0 W k n , where W 0 n = {∅}. We call elements of W n multi-indices. If µ ∈ W k n then |µ| = k is the length of µ. If µ = µ 1 . . . µ k ∈ W n then S µ = S µ 1 . . . S µ k (S ∅ = 1 by convention) is an isometry with range projection P µ = S µ S * µ . We say that µ, ν ∈ W n are orthogonal if P µ P ν = 0. Every word in {S i , S * i | i = 1, . . . , n} can be uniquely expressed as
We denote by F k n the C * -subalgebra of O n spanned by all words of the form S µ S * ν , µ, ν ∈ W k n , which is isomorphic to the matrix algebra M n k (C). The norm closure F n of ∪ ∞ k=0 F k n is isomorphic to the UHF-algebra of type n ∞ , called the core UHF-subalgebra of O n , [7] . We denote by τ the unique normalized trace on F n . The core UHF-subalgebra F n is the fixedpoint algebra for the gauge action γ : U (1) → Aut(O n ), such that γ z (S j ) = zS j for z ∈ U (1) and j = 1, . . . , n. We denote by Φ F the faithful conditional expectation from O n onto F n given by averaging with respect to the normalized Haar measure:
The C * -subalgebra of O n generated by projections P µ , µ ∈ W n , is a MASA (maximal abelian * -subalgebra) in O n . We call it the diagonal and denote D n . The spectrum of D n is naturally identified with X n -the full one-sided n-shift space. Furthermore, there exists a unique faithful conditional expectation Φ D from O n onto D n such that
and Φ D (S α S * β ) = 0 for all α, β ∈ W n such that α = β. We need to introduce the following notation, for use later in the paper. Let q ∈ D n be a non-zero projection. Then q admits a unique representation q = r j=1 P µ j with minimal r ≥ 1 among all representations for q as a finite sum of projections of the form P µ , µ ∈ W n . In the following, we call this representation the standard form for q. We set min(q) := min
In what follows, we will consider elements of O n of the form w = (α,β)∈J S α S * β , where J is a finite collection of pairs (α, β) in W n × W n . The collection of all such elements will be denoted V n , that is
Clearly, V n is a * -subring of O 2 . We put
Of course, such a presentation of an element of V n is not unique. We denote by S n the group of unitaries in V n , that is those unitaries in O n of the form
Such a sum is a unitary if and only if α∈J 1 P α = 1 = β∈J 2 P β . It is easy to see that S n is contained in the normalizer of
For a unital * -subalgebra A of O n , we denote by U (A) the group of unitary elements of A and by P(A) the set of projections in A.
2.3. Endomorphisms of O n . As it is shown by Cuntz in [8] , there exists a bijective correspondence between unitaries in O n and unital * -endomorphisms of O n , determined by
Such maps λ u will be called endomorphisms for short, and the collection of all of them will be denoted End(O n ). Note that composition of endomorphisms corresponds to the 'convolution' multiplication of unitaries: λ u • λ w = λ λu(w)u . In the case u, w ∈ U (F 1 n ) or u, w ∈ U (D n ), this formula simplifies to λ u • λ w = λ uw . For all u ∈ U (O n ) we have Ad(u) = λ uϕ(u * ) . Here ϕ denotes the canonical shift on the Cuntz algebra:
Representations of the Thompson groups in U (O 2
. As shown in [3] and [13] , the Thompson group F has a natural faithful representation in the unitary group of O 2 by those unitaries u = (α,β)∈J S α S * β in S 2 that the association J 1 ∋ α → β ∈ J 2 (with (α, β) ∈ J ) respects the lexicographic order on W 2 . We have
The subgroup of S 2 generated by F and S 2 S 2 S * 1 + S 1 S * 1 S * 2 + S 2 S 1 S * 2 S * 2 is isomorphic to the Thompson group T , and consists of those unitaries u = (α,β)∈J S α S * β in S 2 that the association J 1 ∋ α → β ∈ J 2 (with (α, β) ∈ J ) respects the lexicographic order on W 2 up to a cyclic permutation.
Finally, group S 2 itself is isomorphic to the Thompson group V and it will be denoted in this way throughout the remainder of this paper. We have
We note that the Thompson group F is invariant under the canonical shift ϕ on O 2 . Furthermore, it is quite possible that λ u (F ) = F for an automorphism λ u of O 2 , even though the unitary u may not belong to group F . The simplest example is the flip-flop automorphism λ u (S 1 ) = S 2 , λ u (S 2 ) = S 1 , where the corresponding unitary u = S 1 S * 2 + S 2 S * 1 is inside group T but not in F .
The main results

3.1.
Modestly scaling endomorphisms. In this subsection, we introduce a certain class of endomorphisms of O n , called modestly scaling, that will also play a role in our considerations of endomorphisms preserving the Thompson groups.
X n → X n be the corresponding continuous surjection of the spectrum of D n . If α is modestly scaling then for every point x ∈ X n the inverse image α −1 * (x) has an empty interior or, equivalently, α * is not constant on any open subset of X n .
Then α is modestly scaling if one of the following conditions holds:
Proof. Let (ν k ) be a sequence of non-empty multi-indices in W n and set
Ad (ii). Due to the uniqueness of trace on the UHF-algebra F n , we have
k→∞ −→ 0 and τ is faithful, we get that Φ F (p) = 0. Hence p = 0, as Φ F is faithful. Remark 3.4. As shown already by Cuntz in [8] , if u is a unitary inside the core UHFsubalgebra F n then automatically the corresponding endomorphism λ u globally preserves F n . However, it should be noted that there exist unitaries u ∈ U (O n ) which do not belong to F n for which nevertheless we have λ u (F n ) ⊆ F n . Such exotic endomorphisms of O n have been thoroughly investigated in [5] , [10] and [11] .
For those endomorphisms which globally preserve the diagonal MASA D n , the following proposition gives a useful criterion of modest scaling for an endomorphism. Recall for this the definition of min(q) from Subsection 2.2 for a non-trivial projection q ∈ D n .
Then the following two conditions are equivalent:
(i) endomorphism α is modestly scaling; (ii) for every sequence of non-empty multi-indices (ν k ) in W n we have
Proof. Let (ν k ) be a sequence of non-empty multi-indices in W n . Set
Assume that α is modestly scaling. Suppose, by way of contradiction, that sequence min(α(P µ k )), k ∈ N is bounded. Observe that this sequence is monotonely increasing, as α(P µ k+1 ) ≤ α(P µ k ) for all k, and therefore eventually stabilizes. It is not difficult to see that there exists a non-empty multi-index κ ∈ W n such that |κ| = sup k {min(α(P µ k ))} and with the property that P κ ≤ α(P µ k ) for all k. This contradicts the fact that α is modestly scaling.
(ii)⇒(i). Let p ∈ O n be a projection such that p ≤ α(P µ k ) for all k. Hence 0 ≤ Φ D (p) ≤ α(P µ k ). Assume that Φ D (p) = 0 and find some σ ∈ W n and t > 0 such that tP σ ≤ Φ D (p). By assumption, min(α(P µ k )) > |σ| for sufficiently large k, so that tP σ ≤ α(P µ k ) is not possible for such k. This is a contradiction. Hence Φ D (p) = 0 and thus p = 0 by faithfulness of Φ D .
There exist endomorphisms of O n which are not modestly scaling, and the following proposition provides one way for constructing such examples. Here for k ≥ 1 and i = 1, . . . , n, we denote by i(k) ∈ W k n the multi-index of length k consisting only of i's. Proposition 3.6. Let k ≥ 1 and i ∈ {1, . . . , n}. Let v ∈ O n be a partial isometry with
) for all r ≥ 1. In particular, λ w is not modestly scaling.
Proof. The proof is by induction on r ≥ 1. Using vP i(k+1) = 0, one computes for r = 1:
Thus, P i(k) ≤ λ w (P i ). Assume now that P i(k) ≤ λ w (P i(r) ). Then there exists some projection p ∈ O n such that λ w (P i(r) ) = p + P i(k) . Using again that vP i(k+1) = 0, we compute
) for all r ≥ 1, by the principle of mathematical induction. Consequently, λ w does not satisfy Definition 3.1 and hence it is not modestly scaling. Proposition 3.6 shows that many unitaries in S n yield endomorphisms that are not modestly scaling. Particular instances are the generators x k , k ≥ 0, of the Thompson group F . It is conceivable that many unitaries in F lead to endomorphisms which are not modestly scaling. However, one should notice that for any u ∈ F , the element uϕ(u) * ∈ F corresponds to an inner automorphism λ uϕ(u) * = Ad(u) of O 2 , which is modestly scaling. Lemma 3.7. Let α ∈ End(O n ), x ∈ O n , and µ, ν ∈ W n be such that xα(S µ ) = xα(S ν ) = 0. Then P µ P ν = 0. Moreover, if α is modestly scaling then µ = ν.
Proof. Let xα(S
and hence,
This shows that P µ P ν = 0. Assume now that α is modestly scaling. Since P µ P ν = 0, we may assume without loss of generality that there exists a κ ∈ W n such that ν = µκ. Also, suppose by way of contradiction, that µ = ν, that is, κ = ∅. Set y = α(S µ ) * x * xα(S µ ) and observe that y = α(P µκ ℓ )yα(P µκ ℓ ) for all ℓ ∈ N. Here κ ℓ ∈ W n denotes the concatenation of ℓ copies of κ. As the Cuntz algebra O n is purely infinite and simple, we find a non-zero projection p ∈ O n with ||y||p ≤ y. Then p ≤ α(P µκ ℓ ) for all ℓ ∈ N. As α is modestly scaling, we conclude that p = 0, which is a contradiction. This yields µ = ν, and the proof is complete. Definition 3.8. For w ∈ S n we denote 1 w = Φ D (w). It is easy to see that 1 w is the maximal projection in D n such that w = 1 w + (1 − 1 w )w. Proposition 3.9. Let α ∈ End(O n ) and w ∈ S n be such that α(w) ∈ S n . Then α(1 w ) ≤ 1 α(w) . If α is modestly scaling then α(1 w ) = 1 α(w) .
Proof. As α(w) ∈ S n , there exists a finite setJ ⊆ W n × W n such that α(w) = (µ,ν)∈J S µ S * ν . We have that
and thus, α(1 w )S µ = α(1 w )S ν for (µ, ν) ∈J . By Lemma 3.7, we therefore get that if α(1 w )S µ = 0, then µ = ν. Thus, α(1 w ) ≤ 1 α(w) . Now assume that α is modestly scaling. Write w = (κ,σ)∈J S κ S * σ for some finite set J ⊆ W n × W n . Using that α(w) ∈ S n , we can argue as before to deduce 1 α(w) α(S κ ) = 1 α(w) α(S σ ) for all (κ, σ) ∈ J . It follows from Lemma 3.7 that 1 α(w) α(S κ ) = 0 implies κ = σ. This shows that 1 α(w) ≤ α(1 w ).
Endomorphisms globally preserving the Thompson groups.
In this subsection, we investigate which endomorphisms of O 2 globally preserve the Thompson groups, in terms of the corresponding unitaries of O 2 .
Remark 3.10. We notice that for any given projection p ∈ D 2 there exists a unitary w ∈ F such that p = 1 w . Indeed, if
Combining Proposition 3.9 and Remark 3.10, we immediately obtain the following. Now, we are ready to prove the first main result of this paper.
by Proposition 3.3 and Corollary 3.11. Thus u ∈ N O 2 (D 2 ) by [8] . As shown in [14] and [6] , this implies that λ u = λ v • λ d for some v ∈ V and d ∈ U (D 2 ) with both λ v and λ d automorphisms of O 2 . Suppose, by way of contradiction, that d = 1. Let t = 1 be a scalar of modulus one in the spectrum of d. Let ε > 0 be such that |n − t| ≥ ε for all non-negative integers n. Find a nonempty multi-index β ∈ W 2 and a partial unitary x ∈ D 2 with support and range projection 1 − P β such that tP β + x − d < ε.
Denote byβ ∈ W 2 the unique multi-index such that β = β 1β with |β 1 | = 1. It is not difficult to show that there exists some partial isometry y ∈ V 2 such that w = S β12 S * β12 + y ∈ F . One computes
, from which it follows that λ d (wPβ 12 ) − tS β12 S * β12 < ε. Hence,
As v ∈ V , it holds that y :
Let χ : D 2 → C be any character satisfying χ(P β ) = 1. Then
By the choice of ε > 0, we get that χ(Φ D (S β S * α λ u (wPβ 12 ))) cannot be a non-negative integer. On the other hand,
) is a non-negative integer, which is a contradiction. Hence, d = 1 and thus u = v ∈ V , as required.
By Theorem 3.12 above, if α ∈ Aut(O 2 ) restricts to an automorphism of one of the Thompson groups F , T , or V , then α = λ u for some u ∈ V . Lemma 3.13. Let α ∈ End(O 2 ) and µ, ν ∈ W 2 be non-empty, orthogonal multi-indices. Assume there exists some w ∈ V such that P µ ≤ 1 w , P ν wP ν = 0, and
Proof. Write w = (κ,σ)∈J S κ S * σ for some finite set J ⊆ W 2 × W 2 . Without loss of generality we may assume that there exists G ⊆ J 2 such that P ν = σ∈G P σ . Let σ ∈ G and κ ∈ J 1 be the unique multi-index such that (κ, σ) ∈ J . Then 1 α(w) α(S σ ) = 1 α(w) α(S κ ) and therefore Lemma 3.7 yields that 1 α(w) α(P σ ) = 0. Here we use that P κ P σ = 0 by assumption. Thus,
On the other hand, α(P µ ) ≤ α(1 w ) ≤ 1 α(w) by Proposition 3.9. Therefore Φ D (α(P µ )) ≤ 1 α(w) and consequently Φ D (α(P µ ))α(P ν ) = 0.
Remark 3.14. Let µ, ν ∈ W 2 be non-empty, orthogonal multi-indices such that min(|µ|, |ν|) ≥ 2. It is easy to see that there exists w ∈ V with the property that P µ ≤ 1 w and P ν wP ν = 0.
In general, a unitary w ∈ V as in Remark 3.14 cannot be chosen inside the Thompson group F or T . However, the following observation shows that this is still possible for many choices of (µ, ν) ∈ W 2 × W 2 . In the following Lemma 3.15, we write µ ≺ ν to indicate that µ precedes ν in the lexicographic order. Recall that for k ≥ 1 and i = 1, 2, we denote by i(k) ∈ W k 2 the multi-index of length k consisting only of i's.
Lemma 3.15. Let µ, ν ∈ W 2 be non-empty, orthogonal multi-indices with µ ≺ ν. Assume that there exists κ ∈ W 2 with µ ≺ κ ≺ ν such that κ is orthogonal to both µ and ν. If ν = 2(k) for any k ≥ 1, then there exists some w ∈ F such that P µ ≤ 1 w and P ν wP ν = 0. Similarly, if µ = 1(k) for any k ≥ 1, then there exists some w ∈ F such that P ν ≤ 1 w and P µ wP µ = 0.
Proof. Assume first that ν = 2(k) for any k ≥ 1. We find projections p 1 , p 2 , p 3 , p 4 ∈ D 2 such that 1)
for some multi-indices η
1 , . . . , η
(1)
n 2 ≺ ν;
for some multi-indices ν ≺ η
j for all 1 ≤ i ≤ n 3 and 1 ≤ j ≤ n 4 . Then one checks that there is some w ∈ F with i)
iii) wP ν = p 3 w; iv) w(p 3 + p 4 ) = p 4 w. In particular, it follows that P µ ≤ 1 w and P ν wP ν = P ν p 3 w = 0.
If µ = 1(k) for any k ≥ 1, then a similar proof shows that there exists some w ∈ F such that P ν ≤ 1 w and P µ wP µ = 0.
Proof. As the "only if"-part is trivial, we only proof the "if"-direction. Let µ ∈ W 2 be a non-empty multi-index and find κ 1 , . . . , κ r ∈ W 2 non-empty such that
Multiplying this equation with Φ D (α(P µ )) and employing the assumption, we obtain that Φ D (α(P µ )) = Φ D (α(P µ )) 2 . This shows that α(P µ ) belongs to the multiplicative domain of Φ D . As Φ D is a faithful conditional expectation onto D 2 , its multiplicative domain equals D 2 . This concludes the proof.
Proof. Lemma 3.13 combined with Remark 3.14 shows that Φ D (α(P µ ))α(P ν ) = 0 for all µ, ν ∈ W 2 non-empty, orthogonal multi-indices such that max(|µ|, |ν|) ≥ 2. However, this implies that Φ D (α(P µ ))Φ D (α(P ν )) = 0 for all µ, ν ∈ W 2 non-empty and orthogonal. The conclusion now follows from Lemma 3.16.
Although, at this point, it is not clear whether the same conclusion holds if we only assume that α(F ) ⊆ V , we can at least say the following. 
Proof. The claim follows directly from Lemma 3.13 and Lemma 3.15, as at least one of the pairs (µ, ν), (µ, κ) and (ν, κ) satisfies the assumptions of Lemma 3.15.
The remaining three results of this paper, Proposition 3.19, Proposition 3.20 and Theorem 3.21 below, give information about those unitaries u ∈ U (O 2 ) for which
Proof. If u ∈ V then clearly λ u (V 2 ) ⊆ V 2 , which shows that the "only if"-direction is trivial. For the converse, assume that λ u (D 2 ) ⊆ D 2 and λ u (S 1 S * 2 ) ∈ V 2 . We first show that λ u (V 2 ) ⊆ V 2 . For this, it is enough to show that λ u (S µ S * ν ) ∈ V 2 for all non-empty multi-indices µ, ν ∈ W 2 . Assume first that µ, ν ∈ W 2 are non-empty multi-indices with the property that there exists some partial isometry v ∈ V 2 such that w = S µ S * ν + v ∈ F . This is exactly the case if one of the following three cases is satisfied:
(i) (µ, ν) = (1(k), 1(ℓ)) for some k, ℓ ≥ 1; (ii) (µ, ν) = (2(k), 2(ℓ)) for some k, ℓ ≥ 1; (iii) 1(k) = µ = 2(k) and 1(ℓ) = ν = 2(ℓ) for all k, ℓ ≥ 1.
In either of these cases,
Let us now check the cases where neither of the conditions (i)-(iii) are satisfied. By assumption,
)λ u (P 1(k) ) ∈ V 2 · P(D 2 ) ⊆ V 2 for every k ≥ 1. Using that V 2 is * -invariant, it follows from a similar argument that λ u (S 12(k−1) S * 2(k) ) ∈ V 2 for every k ≥ 1. Now let µ ∈ W 2 be a non-empty multi-index such that 1(ℓ) = µ = 2(ℓ) for all ℓ ≥ 1. Then (µ, 12(k)) satisfies (iii) for all k ≥ 1 and we obtain that λ u (S µ S * 2(k) ) = λ u (S µ S * 12(k) )λ u (S 12(k) S * 2(k+1) )λ u (S 2(k+1) S * 2(k) ) ∈ V 2 . Similarly, λ u (S µ S * 1(k) ) ∈ V 2 for all k ≥ 1. Furthermore, this in turn shows that λ u (S 2(ℓ) S * 1(k) ) = λ u (S 2(ℓ) S * 12 )λ u (S 12 S * 1(k) ) ∈ V 2 for all k, ℓ ≥ 1. Consequently, λ u (S 1(k) S * 2(ℓ) ) ∈ V 2 for all k, ℓ ≥ 1 as well. This covers all cases where neither of the conditions (i)-(iii) are satisfied and λ u (V 2 ) ⊆ V 2 follows. This now implies that for i = 1, 2,
Thus,
This concludes the proof.
Replacing the Thompson group F with T in Proposition 3.19 above leads to the following simplified condition. Proof. We only have to prove the "if"-direction. Let u ∈ U (O 2 ) be such that λ u (T ) ⊆ V and λ u (D 2 ) ⊆ D 2 . Let i ∈ {1, 2}. For j ∈ {1, 2}, there clearly exists a partial isometry v j ∈ V 2 such that w j = S i S j S * j + v j ∈ T . By assumption, it holds for i = 1, 2 that
Hence we conclude that
which finishes the proof. Now, we are ready to give the following interesting result. Proof. This is an immediate corollary to Lemma 3.17 and Proposition 3.20.
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